Partition noise and statistics in the fractional quantum Hall effect 
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A microscopic theory of current partition in fractional quantum Hall liquids, described by chiral 
Luttinger liquids, is developed to compute the noise correlations, using the Keldysh technique. In 
this Hanbury-Brown and Twiss geometry, at Laughlin filling factors v = 1/m, the real time noise 
correlator exhibits oscillations which persist over larger time scales than that of an uncorrelated 
Hall fluid. The zero frequency noise correlations are negative at filling factor 1/3 as for bare elec- 
trons (anti-bunching), but are strongly reduced in amplitude. These correlations become positive 
(bunching) for f < 1/5, suggesting a tendency towards bosonic behavior. 
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Transport experiments in the fractional quantum Hall 
effect (FQHE) [|] have provided a direct measurement 
of the fractional charge of the quasi-particles asso- 
ciated with these correlated electron fluids. These re- 
sults constitute a preliminary test of the Luttinger liquid 
models based on chiral edge Lagrangians ||] which 
describe the low-lying edge excitations. However, the dis- 
cussion has centered on the charge of the quasiparticles, 
rather than the statistics. On the other hand, noise corre- 
lation experiments in branched mesoscopic devices, 
i.e. fermion analogs of the Hanbury-Brown and Twiss 
experiments for photons |^, have detected the negative 
noise correlations predicted by theory Statistical 
features in transport are quite explicit in such experi- 
ments. So far in the FQHE, the measurement of the 
noise reduction ||^ - smaller than that of fermions - con- 
stitutes the only hint that the statistic is not fermionic. 

Here, it is suggested that the statistics of the under- 
lying excitations of the FQHE can be monitored via a 
Hanbury-Brown experiment where quasiparticles emit- 
ted from one edge and tunneling through the correlated 
Hall fluid are collected into two receiving edges (see Fig. 
|l|). This constitutes a mesoscopic analogue of a collision 
process which involves many quasi-particles, and there- 
fore provides a direct probe of their underlying statistics. 
The Luttinger edge state theory ||] is used to compute 
the current and noise with the Keldysh technique. The 
analytic results for the noise in this partition experiment 
show that: a) upon increasing the magnetic field from the 
integer quantum Hall effect (IQHE) to filling factor 1/3, 
the (negative) correlations are strongly reduced in ampli- 
tude; b) these correlations change sign and are positive at 
u < 1/5. This work attempts to go further than a recent 
proposal where statistics and scattering properties were 
dissociated , which correlations are fermionic [|2j . 

The suggested geometry is depicted in Fig. |l|: it re- 
quires three edges (two of which are assumed to be de- 
coupled), in contrast to previous noise correlation mea- 
surements BM in the IQHE and in the FQHE where a 



single constriction controlled the transmission between 
two edge states. There, negative noise correlations be- 
tween the receiving ends of two edge states (inset Fig 
|l|a) are the consequence of a noiseless injecting channel 
together with current conservation, for arbitrary v. 
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FIG. 1. Hanbury-Brown and Twiss geometry: 3 metallic 
gates (grey) define 3 edge states, with 2 tunneling paths sep- 
arated by a and with tunneling amplitudes Fi and Insets: 
a) Correlation experiment in a 2-edge quantum Hall bar with 
a constriction, b) Charge configurations on the two Keldysh 
contours Ki and K2 which contribute to the a; = noise 
correlations at finite (left and right) and at zero (left only) 
temperature. 

On the other hand, removing excitations from one edge 
state and redistributing them to two other edges (Fig.|l|) 
is clearly relevant for uncovering the bunching/ anti- 
bunching properties of quasi-particles. This setup can 
be considered as a detector of partition noise between 
edge 1 and 3, but in the presence of a "noisy" injecting 
current (due to backscattering between 2 and 3). 

The edge modes running along each gate, character- 
ized by chiral bosonic fields 0; {I = 1,2,3) are described 
by a Hamiltonian Hq = ivFli/4:Tr)J2i=i 2 3 I ds{ds4>i)'^ 
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with s the curvilinear abscissa, and with a current 
VF^/vds4>il'2-T^i which is conserved in the absence of scat- 
tering (vf is the Fermi velocity). <j)i satisfy the com- 
mutation relation [(/)/(s), (s')] = iTrSiiisgn{s — s') p3| . 
The quasi-particle operators are expressed as ipj{s) = 
(27ra)-i/2^ze^'=^''e^^'^'(") , where a is a cutoff. Both the 
above commutation relation and the (unitary) Klein fac- 
tors Fi guarantee fractional exchange statistics provided 
that: 



FiFi, 



FvFi 



(1) 



with 3 possible statistical phases pn' = —pi'i = ^i;')- 
In particular, this insures that the fields ipi anti-commute 
for V = \ and commute for v Q. 

Tunneling of quasi-particles occurs at two locations 
s — ±a/2 on edge 3, and at s = on edges 1 and 2. 
A non-equilibrium situation is achieved by imposing a 
bias TiLOi/e* = —dxi/dt {I = 1, 2) between 3 and Z, where 
Xi denotes the gauge parameter which appears in the 
tunneling Hamiltonian Hb = Hbi + Hb2, with: 



H 



Bl 



r^e— *X'/''-^t(o)^3 ((-l)'a/2) + H.c. . (2) 



Hbi and Hb2 are required to commute which im- 
poses the constraint pi2 + P23 + P31 = 1 on the statistical 
phases of Eq. (|l|). 

Non-equilibrium averages are extracted from the 
Keldysh partition function. The perturbation theory is 
analogous to the Coulomb gas models which have been 
proposed to study transport in Luttinger models 
Here two contours Ki {I = 1,2) contain mi (even) charges 
(±) which account for the quasi-particle transfer to/from 
edge 3 to Z at time tik attached to the upper/lower branch 
of Ki . Expanding the exponential, the partition function 
reads: 
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'x{TKFlBl{tll)---F[Bl{ilmi)FlB2{t2l)---F[B2{t2m2))c ■ (3) 

where the subscript C identifies charge configurations. 
Relevant charge configurations which contribute to low- 
est order to the noise correlations are depicted in Fig. 
^): charge neutrality is imposed on each contour. The 
terms in the nonequilibrium average Eq. (^ can in gen- 
eral be decoupled into four contributions: one Keldysh 
ordered product of bosonic fields for each edge, which dy- 
namics are specified by the Green's function of the chiral 
boson fields G',j^'(s,i) (with contour branch labels 
77,77' = ±), and a fourth contribution which arises from 
the Klein factors, which have no dynamics of their own, 
yet which are essential in order to specify the tunneling 
operators. 

The quasi-particle current operator between leads 3 
and Z = 1,2 is // = —cdHs/dxi- The symmetrized real 



time current-current correlator between edges 1 and 2 
which is used to compute the noise contains two time ar- 
guments, which are assigned to different branches of the 
Keldysh contour (thus the notation below). Per- 

forming functional derivatives on Zk, 



Si2{t-t')^-{hc) 
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(4) 



assuming equal biases on 1 and 2. The leading term in 
Eq. ^ is of fourth order in the tunneling amplitudes, 
corresponding to ttii = m2 = 2 in Eq. (H), in contrast 
to the leading contribution to the individual currents 
and noises (second order "dipole" contributions). Ex- 
ploiting the symmetry property of the Green's function 



|„*_ p -p 12 rco i-oo 

^i2W=4^4-i^i?e / dh dt2 «?i'?2 (5) 

J~oo J~oo e,ni,m = ± 



{ha) 



X cos (c^o(ii + rf2)) e2'^['^+-i (o.*i)+G-„„(o,t2)] 

^vt [G+^2(-a,t+t2)+G^i,-(-a,t-ti)] 
^vt [g+_ (-a,t)+G,,;^^2 (-a.t+t2— *l)] 

where e represents the product of the two charge trans- 
fer processes: e = — /+ when the quasiparticles tunnel 
in the same/opposite direction (left /right hand side of 
Fig. I^b). In Eq. ^, the Green's function for edge 3, 
which mediates the coupling between Ki and K2, has 
been translated due to the Klein factors: Griri'{—a,t) — 
G,,,,'(-a,<) + 77r/4 [{rj + rf)sgn{t) - rj + rj']. The inte- 
grand in the double integral in Eq. (|^) for z/ < 1 de- 
cays slowly with both time arguments. At large times, 
the last factor in the integrand is equal to 1, thus corre- 
sponding to the product of the current averages 2 ( Ji ) (/2 ) . 
Absolute convergence is obtained for i' > 1/2 from the 
power law decay in time. For < 1/2 convergence is 
due to the oscillatory terms. Zero temperature, a — 0, 
and a symmetric bias a-'i.2 = 1^0 are chosen in order 
to enhance statistical signatures. Experimentally this 
implies that the two tunneling paths lie within a few 
Fermi wave-lengths from each other. The overlap be- 
tween quasiparticles in edge 3 is then more prominent. 
Here, only 772 = — ?7i = 1 is retained because first, it 
provides the large time behavior and second, it corre- 
sponds to the contribution of the zero frequency noise 
correlations (to be computed later on). Using the ex- 
plicit expressions of the Green's function at equal ab- 
scissa, Grjn'{t) = — ln[l + it{i]6(t) — ri'9{—t))/To] and 
rescaling the times by the short time cutoff tq ^ a/vp, 
this contribution reads: 
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X cos [ujoih + et2)] (1 - iti)^^" (1 + it2) (1 - It)"" 



2 



X [1 + Z{t + t2- h)]'" (1 + i\t + t2|)"'" (1 - i\tl - tl)-'" 

X exp i^^i^^ [s9'n{t + — sgn{t — ti)]j . (6) 

A leading contribution to Si2^{t) is plotted in Fig. ^, as 
well as the excess noise aX v — 1 for comparison. The 
latter oscillates with a frequency loq, and decays as t~^. 
S^2^{t) scales as \uJo\'^'^^^f{uJot), with f{x) an oscillatory 
function which decays at least as x~'^'' , thus a slower de- 
cay than that of electrons. At large times, the frequency 
of the oscillations stabihzes as cuq = e*V/h. 
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FIG. 2. Contribution to the real time correlator Sj^ 
for bias ojq — e*V/h, normalized to |rorir2p|ti;o|'*''~^ for 
a filling factor u — 1/3 (dashed line). 2{7i)(72) has 
been subtracted. The exact excess noise at — 1: 
(f) oc sin^(a)oi/2)/f^ (full line), keeping all r] configura- 
tions, is plotted for comparison. 



The result in Eq. (^) is now integrated over t af- 
ter subtracting the average current products: Si2{uj) = 
J dte-''^^[Si2(t) - 2(/i)(J2)]. The sign and magnitude of 
the a; = correlations tell us the tendency for the quasi- 
particle to exhibit bunching or antibunching. Turning 
now to the charge configurations of Fig. |^b, at zero tem- 
perature only e = — 1 in 5*12(0) contributes, which gives 
the information that an "exclusion principle" prohibits 
the excitations to be transfered from the collectors to 
the emitter. The zero frequency noise correlations have 
the general form: 



5i2(0) = ie*^\iUo\/7r)TlT^Ri,y) 



(7) 



where the renormalized transmission probabilities are 
T[ = (ro|u;o|)2''-2 [T^Ti/haf /T{2iy), and the dimension- 
less function R{v) characterizes the statistical correla- 
tions. At I' = 1, it is shown explicitly that i?(l) — —1 
using contour integration, so that 5*12 coincides exactly 
with the scattering theory result pO| ]. This issue repre- 
sents a crucial test of the implementation of the Klein 



factors. Moreover, for arbitrary i/, i?(i^) could in princi- 
ple be directly measured in an experiment. Indeed one 
can rescale the noise correlation 5i2 by the individual 
shot noises Si ~ 2e*{Ii) or equivalently (at this order) by 
the individual currents: R{v) = |a;o|5'i2/[47r(/i)(/2)]. 

A central result of this letter is the analytical expres- 
sion for the function R{v) in Eq. (|^). It is obtained by 
performing a change of variables of the 3 time integrals 
in 512(0), neglecting the short-time cutoff in the diago- 
nal elements of the Keldysh Green's function in Eq. (||). 
This procedure is consistent with the limit of small biases 
which is assumed here |woko ^ I7 but strictly speaking 
it is valid in the range 1/2 < < 1. One then obtains 
the asymptotic series: 



R(y) 



2^T{2v - l)T{2v - l/2)V{-v) 

^ r(n - z/)r(n + 1 - i/)F(i/ + n - 1/2) 

n=0 



n\T{n + v)T{n + 'il2~ v) 



which converges as n~''~^. Here, v can be treated as 
a continuous variable, whereas it has a physical mean- 
ing when it is a Laughlin fraction l/m (m odd) . At first 
glance the only physical filling factor which one can reach 
with this series is = 1. Yet, it is possible to extend R{v) 
to the range [0, 1 /2] : the zero frequency noise correlations 
do not contain any true divergence (it would require the 
introduction of an infrared cutoff with a physical origin) , 
but the integration method which is used here breaks 
down at = 1/2, a feature which can already be seen in 
computing the average product (/i) (/2) in a similar man- 
ner (although (Ji) converges for all v). It is still possible 
to extract a meaningful result for 512 from this integra- 
tion procedure: R{i') having no poles in [1/2,1], it can 
be analytically continued to the interval [0, 1/2]. Indeed, 
note that the terms of the series of Eq. (||) are still well 
defined for v < 1/2). 

The continuation procedure could be jeopardized if 
other tunneling operators generated by the renormaliza- 
tion group (RG) procedure happened to be more rele- 
vant at !/ = 1/2. Consider a higher order tunneling 

operator V^je*^" ''^, where n = (ni,n2,n3) (n; integer) 
satisfies quasi-particle conservation X];=i ni ~ and 
(j) = (0i,(/)2,03) contains the fields of the three edges. 
The RG flow is then : 



(9) 



The bare tunneling terms are relevant at < 1, and 
always dominates all other which become relevant 
below 1/ = 1/3 at most. 

For ~ 1, a check is obtained by direct numerical in- 
tegration of Si2{t). The comparison between the series 
solution of Eq. (^ and the numerical data shows a fair 
agreement for 0.7 < ly < 1. 
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Starting from the IQHE and decreasing v (Fig. H), 
the noise correlations between the two collector edges are 
reduced in amplitude at any v ~ \/m. When a quasi- 
particle is detected, in 1, one is less likely to observe a 
depletion of quasi-particles in 2 than in the case of non- 
interacting fermions. The reduction of the (normalized) 
noise correlations constitutes a direct prediction of the 
statistical features associated with fractional quasiparti- 
cles in transport experiments, and should be detectable 
ai V = 1/3. 

At J/ = 1/4, Si2 vanishes and becomes positive for 
lower physical filling factors (1/5, 1/7, ...), which is rem- 
iniscent of bosons bunching up together. Positive cor- 
relations have been predicted in superconductor-normal 
metal junctions [|2|, and bosonic behavior was attributed 
to the presence of Cooper pairs - effective bosons - leak- 
ing on the normal side. Here the positive correlations can 
be either attributed to the fact that the fractional statis- 
tics are bosonic at — *■ 0, or to the eventual presence 
of composite bosons resulting from attachment of an odd 
number of flux tubes [0 . On the one hand, one is dealing 
with a fermionic system where large negative correlations 
are the norm. On the other hand, the presence of an ex- 
ternal magnetic field and the (resulting) collective modes 
of the edge excitations favor bosonic behavior. The com- 
petition between these two tendencies yields a statistical 
signature which is close to zero - analogous to the noise 
correlations of "classical" particles. Independent of this 
sign issue, for v < 1/3, the amplitude of the normalized 
correlations is strongly reduced and this effect could be 
checked experimentally for Laughlin fractions. 
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FIG. 3. Normalized uj = correlations R{v), plotted with 
the analytic expression of Eq. for arbitrary u, and com- 
pared to the direct numerical calculation for 0.7 < < 1 
(lozenges) . 



The tendency for the noise correlation ratio to be re- 
duced compared to its non interacting value is consistent 
with the existing data for two-terminal devices as a 
connection exists between the two types of measurements 
| p^ , p^ . There, shot noise suppression was observed to be 
weaker than that of bare electrons, which then multiplies 
the shot noise by 1 — T | p^ , p^ , the reflection amplitude. 
However, a qualitative analysis of noise reduction in this 
situation is rendered difficult because of the nonlinear 
current-voltage characteristics. In contrast, an HBT ex- 
periment constitutes a direct and crucial test of the Lut- 
tinger liquid models used to describe the edge excitations 
in the FQHE, as it addresses the role of fractional statis- 
tics in transport experiments. These experiments could 
also probe hierachical fractions of the FQHE, as well as 
non-chiral Luttinger systems such as carbon nanotubes. 
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